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The wrrationality of a thing is no argument against its existence, rather a condi-
tion of it. Friedrich Nietzsche

1 Introduction

In the last 15 years after the Great Financial Crisis, central banks in western economies
had to face the problem of a zero (or effective) lower bound (ZLB) on the nominal interest
rate. This spurred a very large and important literature on the topic. At least from the
seminal contribution by Benhabib et al. (2001), it is well-known that rational expectations
(RE) models with a ZLB on the nominal interest rate generally admit multiple equilibria
and also multiple steady states. Most recently, however, Ascari and Mavroeidis (2022)
highlight an even more serious concern regarding this type of models when stochastic shocks
hit the economy, a standard assumption in macroeconomic models. They show that in
models featuring a ZLB constraint, a stochastic environment and RE, equilibrium existence
is not generic (incoherence), and when these model do admit an equilibrium, they generally
admit more equilibria (incompleteness) than previously acknowledged.’ Specifically, Ascari
and Mavroeidis (2022) derive conditions for existence of a rational expectations equilibrium
(REE), and for existence and uniqueness of a minimum state variable (MSV) equilibrium
for dynamic forward-looking models with occasionally binding constraints.” Given that
a model without an equilibrium could not be of any use, Ascari and Mavroeidis (2022)
explore how modifications to the baseline New Keynesian (NK) model, such as introducing
unconventional monetary policies, could avoid the incoherence problem.

In this paper, we point to another route to tackle the incoherence problem. Rather than
modifying the baseline model, we abandon the full-information RE assumption. We show
that the problem of incoherence and incompleteness hinges on the assumption that agents
have RE. Non-existence of REE is by itself a compelling and novel reason to investigate the
possibility of non-rational equilibria. Indeed, one of the main results from this paper is that
a standard New Keynesian model with the ZLB constraint can fail to yield an REE and
still admit other types of self-confirming equilibria. To illustrate this point, we consider two
distinct equilibrium concepts which have been associated with different types of deviations
from full-information RE. First, we study an economy populated by agents who have fore-
casting models that are mis-specified and under-parameterized relative to the forecasting

models that agents would have in an REE. Under this assumption, we derive the analytical

Following Ascari and Mavroeidis (2022) we will use the terms incoherence and incompleteness to mean
the non-existence of equilibria and the multiplicity of equilibria, respectively. Hence, a model is coherent if
it admits at least one equilibrium, and complete if the equilibrium is unique.

2Therein, an MSV equilibrium is defined as usually intended, that is, as a function of the state variables
of the model. However, an incoherent model could in principle admit other types of equilibria, but, to the
best of our knowledge, no work in the literature, including Ascari and Mavroeidis (2022), has found them.
We use the terminology MSV and REE interchangeably in the case of incoherence.



conditions so that the economy settles on a restricted perceptions equilibrium (RPE) in which
agents make optimal forecasts within their class of forecasting rules. Importantly, we prove
that RPE can exist when the RE model is incoherent and hence no REE exists. Alterna-
tively, we assume agents are less forward-looking than rational agents, for instance because
they are myopic a la Gabaix (2020), have imperfect common knowledge as in Angeletos and
Lian (2018), or have finite planning horizons similar to Woodford and Xie (2020). In this
setting too, a unique bounded rationality equilibrium (BRE) may exist, even if an REE does
not.

The derivation of BRE and RPE in an incoherent REE framework is a central contribution
of the paper. In this respect, some remarks are noteworthy.

First, the learning literature has typically focused on the question of whether an REE
can be learnable, because the underlying model admits an REE solution. Here, instead, an
RPE emerges as a self-confirming equilibrium, even if the underlying model does not admit
an REE, which we believe is a novel and intriguing case in the literature.

Second, and related to the previous point, whenever the NK model does not admit an
REE, it is impossible for agents to form self-confirming beliefs about the state-dependent
dynamics of inflation and output implied by the stochastic shocks, and the economy can
easily diverge into a deflationary spiral if agents attempt to learn these dynamics using
simple statistical techniques. The intuition is easy to grasp by interpreting the problem of
rational incoherence in terms of income and substitution effects, following Bilbiie (forth.).
On the one hand, a negative demand shock creates a deflation that raises the current real
interest rate when the economy hits the ZLB, inducing higher savings (substitution effect).
On the other hand, output increases more than one-to-one in response to an expected future
output if the shock is very large or very persistent (income effect). The strength of this
second effect depends on agents’ forward-lookingness. When agents are forward-looking and
rational, and the negative shock is very large or persistent, the income effect dominates and
this gives rise to a situation where the policymaker cannot set an equilibrium nominal interest
rate using a Taylor rule, i.e., incoherence. We show that deviations from RE weaken this
income effect and restore coherence. Hence, while it is a curse to be smart, it is a blessing
to be simple-minded, because the non-rationality of agents’ beliefs can save the economy
from spiralling and lead it to a coherent and complete (CC) self-confirming RPE. Note
that a similar intuition is behind the so-called “forward guidance puzzle” and its proposed
solutions that hinge on weakening agents’ forward-lookingness (e.g., Del Negro et al., 2012;
McKay et al., 2016b; Angeletos and Lian, 2018; Gabaix, 2020; Woodford and Xie, 2020;
Eusepi et al., 2021a).

Third, a basic takeaway from the existence analysis is that the baseline NK model with
RE is incoherent, but can admit RPE or BRE, when negative shocks are sufficiently large in
magnitude or sufficiently persistent. A fundamentals-driven RE liquidity trap, thus, must be



relatively short-lived compared to the duration of actual liquidity trap events experienced
by Japan, the Euro Area and the U.S., because persistent shocks would make the REE
incoherent. This is not true for the RPE, where a liquidity trap can be highly persistent. In
this sense, one could argue that an RPE or a BRE could explain why the economy did not
blow up after a large shock as the Great Financial Crisis.

The second contribution of the paper concerns the stability properties of these equilibria
under learning, that is, the issue of whether RPE and REE can emerge from a process of
learning. Following the adaptive learning literature, we employ the expectational stability
or “E-stability” criterion to select an equilibrium that may arise through an economy-wide
adaptive learning process in which agents recursively update the parameters of their sub-
jective forecasting models using simple statistical techniques such as least squares. We find
there is a unique E-stable RPE when an RPE exists. Similarly, only one MSV REE can be
E-stable.

Finally, while E-stability is useful for selecting a self-confirming equilibrium in the case
of incompleteness, it is worth noting that adaptive learning can ensure completeness and
coherence all by itself. Specifically, we prove that a unique temporary equilibrium always
exists in our model with a ZLB constraint and adaptive learning agents, provided that
agents do not observe current endogenous variables before market clearing takes place—a very
common assumption in the learning literature. If learning agents condition their forecasts on
current information about endogenous variables, then a temporary equilibrium only exists
under more stringent assumptions.

After a brief literature review, the paper proceeds as follows. Section 2 introduces a
simple model of the ZLB that nests our different assumptions about expectations formation
as special cases. Section 3 illustrates the problem of rational incoherence and the possibility
of irrational coherence. Section 4 shows how adaptive learning resolves incompleteness issues,
and also discusses the plausibility of the RPE concept. Section 5 suggests an additional route
to irrational coherence: lagged information about economic shocks. Section 6 concludes. The
proofs of all the Propositions can be found in the Appendix.

1.1 Literature Review

To the best of our knowledge, our paper is the first paper to analytically characterize the
existence, uniqueness, and learnability of restricted perceptions equilibrium in a model with
an occasionally binding ZLB constraint and persistent, recurring shocks to the economy. We
build on earlier studies of RPE (see Branch, 2006, for a survey),® or related concepts such as
consistent expectations equilibria (Hommes and Sorger, 1997) and behavioral learning equi-

3See also Evans and Honkapohja (2001). Some related issues are considered by Marcet and Sarget (1989),
Evans et al. (1993), Branch and Evans (2006a), Branch and Evans (2006b), Bullard et al. (2008), Evans and
McGough (2020) and Evans et al. (2021), among many others.



libria (Hommes and Zhu, 2014). A recent strand of this literature considers RPE and related
self-confirming equilibria in models with regime-switching between active and passive mon-
etary policy regimes (e.g., Airaudo and Hajdini, forth.; Ozden and Wouters, 2021), but this
literature abstracts from the occasionally binding constraint, and instead, Airaudo and Haj-
dini (forth.) assume exogenous regime changes, and Ozden and Wouters (2021) numerically
study a model with endogenous transition probabilities between regimes. More generally, the
earlier literature primarily focuses on frameworks that may admit REE, whereas we prove
that models with the ZLB constraint may only admit non-rational equilibria such as RPE.

This paper contributes to an already large literature about deviations from RE and the
ZLB. Earlier work on adaptive learning at the ZLB studied monetary and fiscal policies
that can prevent an economy with learning agents from getting stuck in the liquidity trap
(Evans et al., 2008; Benhabib et al., 2014; Evans et al., forth.),* unconventional policies
such as forward guidance (Cole, 2021; Eusepi et al., 2021a), make-up strategies such as price
level targeting (Honkapohja and Mitra, 2020) or average inflation targeting (Honkapohja
and McClung, 2021). Christiano et al. (2017) show that the E-stability criterion selects one
of multiple equilibria of a model with a transitory demand shock that can drive the economy
into a liquidity trap. This finding is closely related to our result about E-stability of REE
in the case of incompleteness. However, their model assumes that the economy returns
to a steady state after the shock dissipates, whereas our framework allows for multiple,
recurring liquidity trap episodes, consistent with the recurrence of ZLB events in the U.S. and
elsewhere. Thus, we extend insights from Christiano et al. (2017) to models with recurring
demand shocks. More generally, the above mentioned papers do not consider existence and
stability of equilibria of models with recurring, fundamentals-driven liquidity traps.

A number of earlier works, including Angeletos and Lian (2018), Gabaix (2020) and
Woodford and Xie (2020), study bounded rationality equilibrium and the ZLB. Among
other things, these papers show that deviations from RE that make agents less forward-
looking than rational agents can resolve the so-called NK paradoxes of the ZLB, such as the
prediction that forward guidance announcements can have arbitrarily large effects on the
economy (“forward guidance puzzle”). Our contribution is to show that these deviations from
RE also resolve the problems of incoherence and incompleteness that plague the standard
NK model (Ascari and Mavroeidis, 2022).

Finally, Mertens and Ravn (2014), Nakata and Schmidt (2019, 2020), and Bilbiie (forth.),
among others, study conditions for the existence of both fundamentals-driven and confidence-
driven liquidity trap equilibria, which are caused by fundamental shocks to the economy
and non-fundamental (sunspot) shocks, respectively.” One takeaway from these papers is

4See also Evans and McGough (2018b) for a related discussion on interest rate pegs and adaptive learning.
® Additionally, Bianchi et al. (2021) study implications of fundamentals-driven liquidity traps in a nonlin-
ear New Keynesian model.



that fundamentals-driven liquidity trap equilibrium is unlikely to exist if shocks are too
persistent, but sunspot equilibria can feature very persistent liquidity traps. However, to
our knowledge, confidence-driven liquidity trap equilibria have only been derived in coherent
models (i.e. models that admit at least one MSV solution). An incoherent model can fail to
admit confidence-driven liquidity trap equilibria, and tight restrictions on the variance and
persistence of fundamental shocks are necessary for existence of both MSV and confidence-
driven liquidity trap equilibria.

2 Model and expectations formation mechanisms

We employ a model that nests the simple New Keynesian model as well as alternative
bounded rationality models explored by Gabaix (2020), Angeletos and Lian (2018), Woodford
and Xie (2020):

Ty = MEt$t+1 —o(re — NEtﬂ'tH) + €, (1)
T = Ay + MfBEtWt+la (2)
re = max{ym, —pu}, (3)

where 0 < M,N,M; <1,0< <1,0 <o, pu, and ¢p > 1 (i.e. the “Taylor principle”
holds). The model is log-linearized around the zero inflation steady state. Note that E
denotes (possibly non-rational) expectations and E = E denotes model-consistent expecta-
tions. Also note that the model nests the simple New Keynesian model of Woodford (2003)
if M =M;=N=1.

We follow earlier work, including Eggertsson and Woodford (2003), Nakata and Schmidt
(2019), Christiano et al. (2017), and Ascari and Mavroeidis (2022), and assume that the
demand shock, ¢, follows a 2-state Markov process with transition matrix:

(1,7
1-q ¢

with 0 < p = Pr(e = €e1]lei1 = €1) < 1,0 < ¢ = Pr(e = e3]e-1 = €2) < 1. If we assume
g = 1 and €; = 0, similar to Eggertsson and Woodford (2003) or Christiano et al. (2017),
then we have a model in which a transitory shock, ¢, = ¢; # 0, displaces the economy from
steady state, but the economy eventually returns to the absorbing steady state of the model
when ¢, = ¢ = 0. In the standard RE version of the model there are two non-stochastic
steady states: one with zero inflation, and one with zero nominal interest rates. However,
equilibrium inflation and output in the temporary state (¢, = €;) depends on whether agents
have full-information RE or whether they are boundedly rational in some way.

We consider three models of expectations formation. First, agents have full-information
RE in the special case of the model with no discounting in the Euler equation and Phillips
curve (1)-(3) and model consistent expectations.
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Definition 1 Agents have full-information rational expectations (RE) if and only
if E=FE and M = M; = N =1 in the NK model given by Equations (1)-(3).

An REE, defined in Section 3, is a solution of the model (1)-(3) obtained under these as-
sumptions. In keeping with the literature, we treat full-information RE as the benchmark
model of expectations formation, against which we compare ZLB dynamics under alterna-
tive expectations formation mechanisms. Particular attention is paid to the possibility that
agents do not have full knowledge about the structure of the economy, and consequently
expectations can be model-inconsistent (i.e., E # F). The adaptive learning literature in
particular studies agents with imperfect knowledge who learn to forecast the law of motion
for aggregate variables using standard statistical tools like least squares. In this setting, im-
perfect knowledge can imply model-inconsistent expectations, but the focus of a large swath
of this literature is whether agents can form self-confirming beliefs, either by learning an
REE, or some non-rational, self-confirming equilibrium if their subjective forecasting models
are mis-specified with respect to the rational forecasting models. Holding fixed the structure
of the model, imperfect knowledge by itself can lead us to new insights about policy and

macroeconomic dynamics.

Definition 2 Agents have imperfect knowledge if E + E; M = My =N =1 1in the NK
model given by Equations (1)-(3)

Of course, we can deviate from RE without breaking the assumption that agents have full
knowledge about the structure of their economic environment. For instance, Gabaix (2020)
derives a model in which households and firms are relatively myopic due to cognitive lim-
itations. In this setting, myopia implies a change in the model structure in the form of
discounting in the aggregate demand curve (1) (i.e., M < 1) and additional discounting
in the Phillips curve (2) (i.e. M; < 1). However, nothing in Gabaix’s (2020) model pre-
vents agents from having full knowledge about the world they inhabit, and therefore noth-
ing prevents these boundedly rational agents from having model-consistent expectations.
Hence, Gabaix’s (2020) behavioral model shows how we can deviate from full-information
RE without sacrificing the assumption that agents have perfect knowledge. Bounded ratio-
nality models by Angeletos and Lian (2018) and Woodford and Xie (2020) may also lead to
reduced-form structural models with additional discounting in the structural equations. If
M, Mg or N is less than one, we say that agents are boundedly rational.

Definition 3 Agents are said to be boundedly rational if and only ifE = F and
min{M,M;, N} < 1.



3 Coherence: Existence of an Equilibrium

This Section investigates the problem of coherence, that is, of the existence of an equilibrium,

under the three three models of expectations formation just described.

3.1 Rationality without Coherence

We start by assuming full-information RE to illustrate the problem of incoherence. For
simplicity, we focus on MSV REE, but some of the insights from our paper can be extended
to study non-fundamental “sunspot” equilibria which feature extraneous volatility. Since our
model, (1)-(3), is a purely forward looking model with a 2-state discrete-valued exogenous
shock, the MSV REE law of motion for Y; = (z¢,m) will assume the form Y; = Y, where
Y, =Y, if ¢ = ¢ and Y; = Y, otherwise.

Definition 4 Rational expectations equilibrium (REE). Y = (Y}, Y,) is a rational
expectations equilibrium if and only if Y, solves (1)-(3) given Et(Y}H\et =€) = Pr(ey =
e1les =€) Y1+ Pr(eq = ol = €;) Yo and ¢, = € for j =1,2.

There are up to four MSV REE of (1)-(3). First, there is a possible solution in which
interest rates are always positive (“PP” solution). Then, there is a potential solution with
binding ZLB if and only if ¢, = €;, which we refer to as the “ZP” solution. Analogously,
there could be a “PZ” solution with binding ZLB if and only if ¢, = €5. Finally, it is possible
that the ZLB is always binding (“ZZ” solution). We add a superscript i to Y to distinguish
between the REE (i.e. Y’ where i = PP,ZP,PZ, 7Z7). Following Ascari and Mavroeidis
(2022), if at least one of the four possible REE exist then the model is coherent.

Proposition 1 Consider (1)-(3) and suppose M = My = N =1, e > 0. An REE euxists
if and only if €, > €grpp, where Egpr 1S a constant that depends on the model’s parameters,
defined in Equation (30) in the Appendiz.

Proposition 1 generalizes Proposition 5 of Ascari and Mavroeidis (2022) to the case with
q < 1. It establishes that under the conventional assumption that the Taylor rule (3) satisfies
the Taylor Principle and recurrent demand shocks, we need to restrict the magnitude of the
shocks, €, to get an REE. For a solution to exist, €; cannot be too negative (i.e. the shock
cannot be too “big”, in absolute value). The lower bound on €;, denoted as €ggg, is increasing
in p for standard parameters, which means that a model with more persistent shocks requires
tighter restrictions on the magnitude of the shocks for an equilibrium to exist. This explains
why fundamentals-driven liquidity trap cannot be persistent in an REE. A “big” shock is
needed to take the economy into a liquidity trap, but then, for an REE to exist, it cannot
be persistent. Thus, the model is not generically coherent; solutions only exist for special
calibrations of the shock process and solutions do not exist if the shocks are too persistent
(i.e. pis very high) or if the shock is big (e; is very low).
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Intuition from a special case. While Proposition 1 deals with the case with ¢ < 1, the
assumption that the high demand state is absorbing (¢ = 1) and equal to zero (e; = 0)
is helpful for intuition.® Under this assumption, the economy under full-information RE
either returns to the steady state with zero inflation (i.e. m = z, = i, = 0) or the steady
state with zero interest rates (i.e. @ = —p, 1 = —p < 0z = —p(l — B)/k < 0). The
“temporary state” value of output when ¢ = €; (assuming for brevity that we go back to

the zero inflation steady state) is given by:

vy = v(p)Eiri 1 — omax{ Ty, —p1} + €1, (4)

WA

1—pp
Ao

) = (14725 ) = 1 5)

which we obtain by substituting the Phillips curve and Taylor rule into (1). From (4), it is

apparent that for any p, sufficiently low values of €; preclude unconstrained interest rates.
Thus, for a sufficiently large demand shock, output will be given by:

1
rp=————(op+€) (6)
1—pv(p)
if a solution of the model exists at all. However, if the negative demand shock is sufficiently
persistent, so that pv(p) > 1, then x; and therefore temporary inflation, m; = l%ﬁpxt are

decreasing in €;. This implies that sufficiently large ¢; will increase x; and 7, precluding
existence of a solution in which the ZLB binds. Therefore, for a solution to exist we need
to do one of two things. First, we can restrict p to be small enough to ensure pr(p) < 1,
which in turn implies a solution for any €;. Or, alternatively, we need to restrict €; to be
small (i.e. close to zero) to rule out a situation where large demand shocks preclude both
unconstrained and constrained equilibrium interest rates — i.e., incoherence. Both options
require restrictions on the support of the demand shock.

Figure la graphically illustrates the determination of demand for the case pr(p) < 1. It
can be seen that a solution exists for any €;. Figure 1b graphically illustrates equilibrium
determination when pr(p) > 1. It is apparent that two solutions exist if €; is small, but no
solution if € is large in magnitude.”

How should we interpret this restriction on p and €;? Following Bilbiie (forth.), there are
two effects of the demand shock, €;, when interest rates are pegged at the zero level. First,

6The assumption ¢ = 1 is standard in the literature (e.g., Eggertsson and Woodford, 2003; Christiano et
al., 2017; Bilbiie, forth.). To explain the intuition, we borrow heavily from Ascari and Mavroeidis (2022)
and Bilbiie (forth.).

"In fact two or four solutions exist in the two cases, respectively, depending on whether one assumes the
economy returns to the zero inflation steady — as in Figures 1a and 1b — or one assumes the economy goes
to the permanent liquidity trap steady state — not depicted in Figures la and 1b. Moreover, the Figures
visualize that the condition pv(p) § 1 relates to the relative slope of the AS and the AD curve under ZLB.

See Ascari and Mavroeidis (2022).



Figure 1: Incoherence and Income vs. Substitution
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a larger demand shock (i.e. more negative value of €1) raises real interest rates given a fixed
nominal rate, and this induces households to save more. This intertemporal substitution
effect should put downward pressure on inflation and output. At the same time, v(p) > 1
implies strong income effects at the ZLB; current income, z;, responds by more than an
increase in expected future output, E,x,.,. For high values of p, an exogenous increase in
real interest rates (via lower €;) raises demand and inflation through this second income
effect. In the case where pr(p) > 1 the income effect dominates the substitution effect, and
the negative demand shock has the counter-intuitive effect of raising inflation at the ZLB,
while lowering inflation away from the ZLB (see the green and yellow dots respectively in
Figure 1b) . In this scenario, we need to make sure that €; is not too negative. On the
other hand, if pr(p) < 1 then intertemporal substitution effects dominate and more negative
€1 leads to more negative inflation and output, which in turn ensures that a solution with
binding ZLB always exists.

In sum, we can discuss the problem of incoherence in our model in terms of income
and substitution effects. RE implies that agents are very forward-looking, which in turn
can imply a scenario where income effects dominate substitution effects. Tight restrictions
on persistence parameter, p, are necessary to avoid this scenario, while restrictions on ¢;
are essential to ensure equilibrium when income effects are strong. Much of the rest of
this paper investigates whether deviations from RE ensure that these substitution effects
dominate income effects when pr(p) > 1, thus opening up the possibility that non-rational

solutions exist when rational solutions may not.
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3.2 Coherence without Rationality

What if no REE exists? Here we investigate the possibility of the existence of non-rational
equilibria. First, we look at the case of imperfect knowledge as in Definition 2. We show
that the NK model with a ZLB may still admit RPE if we are willing to assume that agents
omit the demand shock from their subjective forecasting model, and attempt to forecast
period-ahead inflation and output using their estimates of the long-run average of both
variables. Second, bounded rationality does not need to imply imperfect knowledge, and so
it is important to consider what happens when agents are boundedly rational as in Definition
3. It turns out that bounded rationality in the form of discounting (M, My, N < 1) can imply
an even more complete resolution of the problem of incoherence than RPE.

3.2.1 Restricted Perceptions

The model (1)-(3) has a single state variable, ¢;, which follows a regime-switching process.
Consequently, the REE law of motion for output and inflation is a regime-switching inter-
cept — see Definition 4. Rational agents are assumed to know the functional form of the
REE solution. However, agents without RE could fail to grasp the structure of the REE —
particularly in the case of incoherence when no such equilibrium exists — and consequently,
they might try to forecast inflation and output using an under-parameterized forecasting
model which omits the state variable, ¢;. Agents with these restricted perceptions instead
try to forecast the unconditional mean of output and inflation:

E(Y)=qY¥s+ (1—q)Y,

where Y = (z,y), Y; is ¥; when ¢, = ¢; and § = Pr(e, = €) = (1 —p)/(2 —p — q). If the
agents form conditional forecasts using the unconditional mean of inflation and output (i.e.
if EthJrj = E(Y)) then agents’ beliefs about the long-run averages of inflation and output
are true and self-confirming only if Y; solves (1)-(3) given E,Y;; = E(Y) = §Y2+ (1-9)Y,

and ¢ = ¢; for j = 1,2.

Definition 5 Restricted perceptions equilibrium (RPE). Y = (Y|, X}) s a re-
stricted perceptions equilibrium if and only if (i) Yj solves (1)-(3) given E,Yi, = Y :=
qYs+(1—q)Y, and ¢ = ¢; for j =1,2; and (i) BE(Y;) =Y.}

There are four possible RPE of (1)-(3) indexed by i = PP, ZP, PZ, 77, which are anal-
ogous to the REE discussed earlier. Notice that the actual law of motion for inflation and
output in the RPE is still a regime-switching process. A sufficiently attentive learning agent

might be expected to notice that their forecasting model is misspecified in an RPE and

8See Evans and Honkapohja (2001, sec. 3.6 and 13.1) and Branch (2006) for a thorough discussion of the
RPE concept.
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consequently, we might question whether this equilibrium concept is “reasonable.” A later
section discusses issues related to the plausibility of the RPE concept in the context of learn-
ing, but in any case, the simple RPE concept put forth in this section is the natural RPE
concept for this model.” This RPE concept also makes the analysis tractable, leading to the
following useful result.

Figure 2: Restricted Perceptions Equilibrium

T 4

larger negative shock: T |e|
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Tt= KXt AS
%xt
—u/b

ADlzLB ADZZLB AD32LB AD4ZLB

Proposition 2 Consider (1)-(3) and suppose M = My =N =1, o > 0. Then:

i. An RPE exists if and only if €, > €gpp, where €gpr depends on the model’s parameters,

see Equation (31) in the Appendiz, and satisfies Egpp = —o0 if ¢ = 1.
1. EREE = €ERPE Zf and onlyp+ qg > 1.

Proposition 2 is one of the main results of this paper. It tells us that models with persistent
shocks (i.e. p+ ¢ > 1) admit non-rational equilibria but not rational equilibria if ¢ €
(€rpr,€rpr). Thus we can gain traction in an otherwise incoherent model of the ZLB by
assuming restricted perceptions.

As in the case of REE, it is useful to study RPE when ¢ = 1 and ¢, = 0 to develop
intuition, see Figure 2. In this case, we have § = 1 and so the RPE forecast is simply
equal to one of the two non-stochastic steady states of the model. Substituting the forecast
consistent with the economy reverting to the zero inflation steady state into the model — so
Etxt+1 = E’ﬂrtﬂ =0 in (1)-(3) — and solving for equilibrium output in the temporary state

9In an RPE, agents have “restricted perceptions” in the sense that they omit key fundamental state
variables from their forecasting models. In our simple model, ¢; is the only state variable. Consequently, the
natural RPE for this model involves the PLM that omits ¢;.
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with ¢, = €; gives: x; = ou + €1, assuming the ZLB binds. Thus, effectively the perceived p
is equal zero and the slope of the aggregate demand curve becomes vertical in the temporary
state under a ZLB. It follows that an RPE exists for any p and €;. No support restrictions
for the shock distribution are needed. Restricted perceptions ensures that income effects of
raising real rates do not dominate substitution effects, and thus equilibrium is ensured for
any assumptions about p and €, in accordance with Proposition 2.

3.2.2 Bounded Rationality

Assuming bounded rationality in the form of discounting (M, My, N < 1) yields the following
proposition that illustrates how deviations from RE ameliorate incoherence concerns, as in

Proposition 2.
Proposition 3 Consider (1)-(3) and suppose min{M,Ms, N} < 1 and e; > 0. Then:

i. A BRE exists if and only if €, > €ggr, for some constant égr that depends on the
model’s parameters, see Equation (34) in the Appendiz.

1. [f (M— 1)(1 — Mfﬁ) + AoN <0 then éggr = —0.

However, bounded rationality provides a larger resolution of the problem with respect
to imperfect knowledge, as coherence can be ensured for any assumption about p, ¢ and ¢
if M, My, N are sufficiently small. Thus, if we are willing to explore deviations from RE
that alter the decision problem of the agents (e.g. the Euler equation), and not just the
expectations formation of agents (e.g. the RPE approach), then we can robustly resolve
coherence problems.

Again, we can understand the coherence result in terms of the income and substitution
effect of shocks that raises real interest rates at the ZLB. Assume ¢ = 1 and e = 0. The
BRE value of output in the temporary state binding ZLB is given by:

A
T, = VBR(p)Etwt+1—amaX{1 L4

— My fp
o = (N =)

In this bounded rationality model therefore, output at the ZLB is given by

Tt, _:u} + €1, (7)

1
()

Clearly, substitution effects dominate income effects if and only if pvP%(p) < 1, similar to

Tt (op+e€). (8)

the RE case. However, unlike the RE case, we have v5%(p) < 1 if and only if
NXo + (M —1)(1—BM;) <0,
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which is the condition in Proposition 3. Therefore, myopia can ensure that substitution
effects dominate income effects for any p (i.e. existence of a MSV solution for any p and €;).

Though bounded rationality can provide a larger resolution of the problem if (M —
1)(1 — MsB) + AoN < 0, the RPE can provide a larger resolution of the problem with
respect to bounded rationality if (M — 1)(1 — M;3) + Ao N > 0. Figure 3 depicts different
combinations of values of the negative shock, €, and of the bounded rationality discount
factor, M, that yield coherence in the REE, RPE and BRE cases. The blue line and red line
depict €ggpp and €rpg, respectively, and the black line depicts égrp for different values of ¢,
and M = M. Panels (a), (b) and (c) shows that the difference between éggp, €gpr, and
épr can be substantial. Panel (a) shows that larger values of M can rule out existence of
BRE in cases where an RPE exists. Panel (b) shows that the same result holds even if the
expected low demand state duration is calibrated to match the duration of the 2008-2015
U.S. ZLB episode (i.e. p = 0.965 implies an expected low state duration of 28 quarters).
However, if M < 0.86 in the calibrated model then (M — 1)(1 — M¢5) + AoN < 0 and
éprp = —00. Panel (c) reveals that in addition to small M, a high degree of price stickiness
(small \) is necessary for the BRE approach to provide a fuller solution of the incoherence
problem than the RPE concept. For high values of A\ even heavy cognitive discounting in
the Euler equation and Phillips curve will not resolve the problem of incoherence.'® The
so-called “curse of flexibility” is therefore a much more pronounced problem for both REE
and BRE than for RPE.

Figure 3: Region of Coherence of the REE, RPE, and of the BRE
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Note: The area above the blue (red) curve depicts values of €; for which at least one REE (RPE) exists.
The area above the black curve depicts values of €; and M = M for which at least one BRE exists. Other
parameter values: =0.99, 0 =1, A =0.02, ¢ =0.98, p=0.85, N =1, e = 0.01.

Not only does (M — 1)(1 — MB) + Ao N < 0 ensure coherence in the case of bounded

YOFor any M, M f, N, there is always a large enough value of the product Ao to ensure that (M —1)(1 —
M;B)+ AoN > 0. Thus, price rigidity and the intertemporal elasticity of substitution play a key role in the
existence of BRE.
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rationality, it also ensures existence of a unique BRE (“completeness”).

Proposition 4 Consider the model given by (1)-(3) and assume ¢ > 1. A unique bounded
rationality equilibrium (BRE) exists for any p, q, €1, €3 if and only if \oN+(M—1)(1—-M;B) <

PP,BR and EZP,BR such that EPP,BR > EZP,BR

0. Further, there exist € and

i. The PP solution is the unique BRE if and only e; > e’PBE,
ii. The ZP solution is the unique BRE if and only if eP’PBRE > ¢ > ZPBR,

ii. The ZZ solution is the unique BRE if and only if €, < e?PBE,

The condition (M — 1)(1 — M) + Ao N < 0 completely mitigates concerns about inco-
herence and incompleteness, but the condition requires a rather high degree of discounting in
the Euler and Phillips curve equations. As it turns out, the condition is satisfied by Gabaix’s
preferred calibration: M = 0.85, My =08, N =1, 3 =0.99, A = 0.11, 0 = 0.2. For that

calibration, we have:
AN + (M —1)(1 — M;p) = —0.0092 < 0.

On the other hand, it is not satisfied for the calibration in McKay et al. (2016a): M = 0.97,
My =N=1,3=0.99, A =0.02, 0 = 0.375. That calibration yields:

AN + (M — 1)(1 — M;B) = 0.0072 > 0.

Thus bounded rationality offers a full solution of the problems of incoherence and incom-

pleteness for some, but not all, calibrations featured in the literature.

4 Learning to solve the incompleteness problem

We just saw that a BRE can ensure coherence and completeness with sufficient discounting,
without any restrictions on the support of the shock. What about completeness in the REE
and RPE cases? The coherence condition guarantees existence, but generally that implies
a multiplicity of admissible MSV solutions in the case of RE (e.g., Ascari and Mavroeidis,
2022). Incompleteness is by itself a problem which can only be solved using some criterion
for selecting an equilibrium. Here we investigate whether learning can provide any guidance,
that is, whether the “E-stability” criterion can select an equilibrium of the model as the
outcome of an adaptive learning process.
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4.1 Learning the REE

In order to define when an REE is E-stable, we first need to be precise about what it means
for agents to be learning. Under adaptive learning, agents are assumed to have imperfect
knowledge, as defined in Section 2. Since they lack RE, they also lack sufficient knowledge
to compute the REE analytically. However, adaptive learning agents still need to forecast
inflation and output in order to make consumption, labor, savings and pricing decisions
consistent with (1)-(2).!! Consequently, adaptive learning agents are assumed to have a
subjective forecasting model, or “perceived law of motion” (PLM) for output and inflation.
If the learning agents choose a PLM that is also consistent with how expectations are formed
in an REE, then it is possible for learning agents to “learn” an REE if their beliefs about
the PLM converge to RE, as beliefs are updated recursively using some statistical scheme
for estimating the coefficients of the PLM and observable macro data.

Recall from Section 3.1 that our model admits four possible REE in which output and
inflation follow a 2-state process, which are indexed by superscript i to Y, i.e. Y’ where
1 = PP, ZP,PZ,Z7. Agents could conceivably learn one of these REE if their PLM for
output and inflation is a 2-state process which is estimated recursively using least squares.
Consider the following model of learning, in which agents’ PLM is a 2-state process for
inflation and output, like the REE, and beliefs about the state-contingent means are updated

recursively using least squares:

Y}?t th—l + t_IIj,t—lejtl—l (Yt—l - )/j?t—l) ) (9)
Vie = Vg Tt (e — v, (10)
EYi1 = Pr(es = ele)Ys + (1— Prieg = ele))Ys,, (11)

where j = 1,2, kv;; is the number of periods that €, = €; up until time k, and Z;;, = 1 if
¢ = ¢; and Z;; = 0 otherwise (i.e. Z;; = 1 is the indicator function for state j). Y}, is the
agents’ most recent estimate of the state-contingent average of Y; when ¢, = ¢;. According to
equation (9), agents revise their beliefs about the state-contingent average of Y in state j (i.e.
Y,) in the direction of their time-t—1 forecast error only if €, 1 = ¢; (otherwise, Y, =Y, ;).
Equation (11) then gives agents’ time-t forecast of period-ahead inflation and forecast. It is
assumed that agents observe ¢; when forecasting at time-t and also that Pr(e,,1|€;) coincides

HUThroughout this paper we restrict our attention to the “Euler equation” approach in which adaptive
learning agents are assumed to treat the RE decision rules, (1)-(2), as the decision rules given subjective
forecasts. However, under this assumption, agents are not making optimal decision given non-rational
expectations, as demonstrated by Preston (2005). An alternative approach which accounts for the true
optimal consumption and pricing decisions under non-rational expectations is the “infinite horizon learning”
approach advanced by Preston (2005) and others. Preliminary results included in the Appendix show that
identical RPE existence results can obtain under Euler equation and infinite horizon learning. We leave the
full topic of RPE existence and E-stability under infinite horizon learning for future research.
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with the actual transition probabilities — e.g. agents know Pr(e;y1 = €1]e; = €1) = p and
Pr(ey1 = e]e, = €3) = q. After agents form time-t expectations, we obtain the time-t
market-clearing equilibrium, Y; by substituting equation (11) into the model (1)-(3). The
process repeats itself at time ¢ + 1 and so on.'?

We are interested in knowing if (Y%, Vs,) — (Y1, Y}3) for some REE i as time goes
on (t — oo) and agents’ expectations evolve according to (9)-(11). We say that REE i is
“stable under learning” if (Y, Ys5,) — (Y{,Y3) almost surely. When might this convergence
of subjective beliefs to RE occur? To make this question tractable, assume that Y,* = (Yf’t,
Yf;)’ is sufficiently near REE ¢, such that the ZLB binds under adaptive learning if and only
if the ZLB would bind in REE 7. This implies the following actual law of motion for Y

Yo = A (Prles = ale)Y + (1= Preg = ale))Ys,) + By, (12)

where AP'P = Ap and BI'Y = Bp, for all t; A?? = Ay and B?? = By, for all t; A?" = Ap
and BT = Bp, if ¢ = ¢, and A?Y = Ay and Bf" = By, otherwise; A’ = Ap and
BF? = Bp; if ¢, = €; and APZ = Ay and B = By, otherwise, and

X ; 1 i_ﬁmf 1 g
Ap = | 8T R Az = <>\ ﬂ+)\a>

Ao+l Ao+l
€t + O"LL
B — 1+X\po B — € .
Given beliefs that are local to RE beliefs, we assess the learnability of equilibrium using

the E-stability principle. An REE ¢ is said to be E-stable if it is a locally fixed point of the
ordinary differential equation (ODE):

oye - - Yi(YE, YY) Ye
= Hi(Y* h Hi(vey = (82 )) 1
G, whee a0 = () - (1) 13

and Y} (Y, Yy) is the value of Y when €, = ¢; as a function of expectations, Ye= (Y7, Ys).

The relevant Jacobian for assessing the E-stability of REE 7 is: DTy = aH;gze”ye:w.

An REE i is E-stable if the eigenvalues of DTy have negative real parts, see Evans and
Honkapohja (2001).

There is an intuition for the link between the E-stability condition and stability of beliefs.
The ODE (13) is an approximation of the dynamics of Y,¢ near the REE for large ¢, and it tells
us that agents’ expectations are revised in the direction of the forecast error, Y¢(Y¢) —Y*. If

12Closely related learning algorithms are used by Woodford (1990), Evans and Honkapohja (1994) and
(Evans and Honkapohja, 2001, p.305-308) to study the E-stability of sunspot equilibria involving discrete-
valued shocks, and by Evans and Honkapohja (1998) to study learnability of fundamental equilibria with
exogenous shocks following a finite state Markov chain. We arrive at identical E-stability results if we
alternatively assume least squares estimation of a PLM of the form: Y, = a + Z;It where 7, = 1 if ¢ = €9
and 0 otherwise.
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the roots of DTy have negative real parts, then agents’ expectation about the unconditional
mean of inflation and output are also revised in the direction of their REE values.

We note the E-stability conditions applied to the REE of the occasionally binding con-
straint model are identical to the E-stability conditions applied to a model that features
exogenous Markov-switching in the monetary policy stance driven entirely by €, (e.g., see
Branch et al., 2013; McClung, 2020)."® For example, the E-stability condition associated
to the ZP equilibrium of (1)-(3) is the same condition associated to the MSV solution of a
model that assumes r, = ¢, if €, = €5 and r, = —pu if ¢, = €; regardless of whether the ZLB
binds.

Applying the E-stability to the model at hand leads us to the conclusion that only one
REE has the property of being E-stable.

Proposition 5 Consider (1)-(3) and suppose M = My =N =1, e > 0. Then:
i. At most one E-stable REFE exists.

1. The E-stable REFE is either the PP REE or the ZP REE.

Proposition 5 somewhat extends insights from Christiano et al. (2017) to models with
recurring low demand states (i.e. ¢ < 1). Thus Proposition 5 can be applied to study an
economy such as the U.S. economy, which has visited the ZLB twice since 2007, following
two distinct negative shocks to the economy. The result in Proposition 5 makes it clear that
while multiple solutions exist, only one of them can be understood as the outcome of an
adaptive learning process. Hence, incompleteness is resolved by E-stability.

Pinning down the forecasting model Proposition 5 assumes that agents believe that
output and inflation follow a 2-state process, consistent with REE. However, the REE law of
motion can be represented in a variety of different ways. For instance, consider the following
perceived laws of motion for inflation and output:

& —
}/t - aﬁtfk’

e
Y = a., +bey,

14
15
16
17
18
19

e
Y = a+b, 6k,
e
Yt = Q¢ T bﬁtkat_k”

Y, = a+bey,

(14)
(15)
(16)
(17)
(18)
(19)

zi = ay+ bz

13Mertens and Ravn (2014) also derive E-stability conditions for an equilibrium of a simple New Keynesian
model with ZLB constraint, assuming a 2-state discrete sunspot shock with an absorbing regime.
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where z € {m, 2}, k =0,1and a,_,, b
Again, Y,® denotes the subjective forecast of Y; implied by the forecasting model.

e,_, may assume different values depending on €,_y.

If learning agents instead had one of the PLMs (14)-(19) and estimated the parameters of
those models recursively, e.g. using least squares, would they eventually have self-confirming
views about inflation and output? In other words, would the data confirm their belief that
Y; follows one of the processes (14)-(19)7 If agents observe ¢, and Y; when forecasting at time
t, then beliefs formed under PLMs of the form (14)-(19) can only become self-confirming if
an REE exists. Hence, we refer to (14)-(19) as “REE-consistent beliefs.”

Proposition 6 Suppose agents condition time-t forecasts on current (time-t) variables. Then
REE-consistent beliefs (1/)-(19) can only be self-confirming if an REFE exists.

Proposition 6 makes it apparent that agents including the demand shock, ¢;, in their
(piecewise) linear forecasting model (or Y; in the case of (19)) cannot develop self-confirming
views about the economy if an REE does not exist (incoherence). This result has implications
for how we should think about learning and equilibrium in the case of incoherence.

4.2 Learning the RPE

What about the learnability of RPE? Proposition 5 tells us that agents with imperfect
knowledge using any of the subjective forecasting models discussed in the previous section
will not learn any self-confirming equilibrium. However, Proposition 2 shows that an RPE
can exist even if an REE does not. It turns out multiple RPE may exist when the restrictions
in Proposition 2 hold. Can one or more of these RPE emerge as the outcome an econometric
learning process, similar to what we considered in the case of REE? The answer is yes. Here
we show that the model may still admit one unique learnable, self-confirming RPE.

First, we must assume agents have a subjective PLM for output and inflation that is
consistent with how expectations are formed in an RPE:

EAt}/t_A,_j = Yte = }/;e_l + t_l (Y;f—k - Yte_l) ) (20)

where Y/° is the agents’ most recent least squares estimate of the unconditional mean of
Y = (z,7) using all data available from ¢t = 0,...,t — k where k = 0 if agents have current
information and k£ = 1 if agents have lagged information and only observe endogenous vari-
ables after markets clear. If we substitute (20) into the model and assume Y is sufficiently
near RPE ¢ then we have the following actual law of motion for Y:

Y, = AYf+ B (21)

where AP'" = Ap and BI'" = Bp, for all t; A?? = Ay and B?? = By, for all t; A?" = Ap
and BtZP = Bp; if ¢ = €3 and AtZP = Az and BtZP = By, otherwise; AtPZ = Ap and

Bl'? = Bp, if ¢, = ¢; and AP’? = Ay and BI'? = By, otherwise.
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We say that RPE ¢ is stable under learning if Y,* — Y’ almost surely, where Y’ denotes
the unconditional mean of Y. Analogous to the discussion of E-stability of REE above,
we say that RPE i is said to be E-stable if it is a locally stable fixed point of the ODE,
oY /0t = h'(Y®), where h'(Y¢) = Y(Y®) — Y, where Y(Y*) is the unconditional mean of
Y as a function of expectations, Y. Formally, E-stability obtains if the eigenvalues of the
Jacobian, DTy = 8}5)9;5) ve
learning if agents estimate Y,® using least squares, as in (20), or related estimation routines.

¢ have negative real parts. An E-stable RPE is stable under

Proposition 7 Consider (1)-(3) and suppose M = My = N =1, e > 0. If an RPE exists,
then:

. There 1s a unique F-stable RPF.

1. The E-stable RPE is either the PP RPE or the ZP RPE.

4.3 Is the RPE reasonable?

In an RPE, agents have badly misspecified beliefs. Agents forecast the mean of inflation
and output as if they believe those variables are constant or mean-plus-noise, despite the
fact that these variables would obviously follow a persistent 2-state Markov chain in an
RPE. Why would we consider RPE reasonable? Should agents be expected to detect their

mis-specification over time simply by looking at time series data? Few comments are in

order.
Figure 4: Region of Coherence of the REE and of the RPE
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Note: The area above the blue (red) curve depicts values of €; and p for which at least one REE (RPE)
exists. Other parameter values: 8 =0.99, c =1, A =0.02, ¢ = 0.98, e2 = 0.

First, if an REE exists, then we could argue these RPE are implausible. In this case,
agents could learn to do better, because there would likely be a learnable REE. But inco-
herence precludes REE, and as shown in Proposition 6, it implies that agents fail to form
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self-confirming expectations using a variety of different forecasting models that condition on
the demand shock or even a lag of the endogenous variables. In the case of incoherence of
REE, the RPE is thus a potentially reasonable alternative, because it relaxes the condition
for the existence a self-confirming equilibria. Figure 4 visualizes the difference between the
combination of values of the negative shock, €;, and of its persistence, i.e., p, that yields
coherence in the REE and in the RPE cases. The area above the blue line and the red line
defines the set of pairs (e, p) so that at least one REE and RPE exist, respectively. Panel
(a) shows that the difference between the region of the parameter space for which there is
coherence in the two cases is substantial. In particular, unless the persistence, p, of the
negative demand shock falls below 0.87, RE admits an equilibrium only for very small neg-
ative shocks. Panel (b) shows that both regions are quite sensitive — they shrink by around
a quarter — to the value of the persistence of the other state where ¢; = 0. Finally, panel
(c) shows that the region of coherence of REE shrinks quite substantially as prices becomes
more flexible, while this is not the case for the RPE. The curse of flexibility is therefore a
much more pronounced problem for REE than for RPE, just as Figure 3 (c¢) shows, which
is very intuitive because the curse hinges on the rationality and forward-lookingness of the
agents.

The Figure 4 results suggest that a fundamentals-driven RE liquidity trap must be rel-
atively short-lived in the case of an REE compared to the duration of actual liquidity trap
events experienced by Japan, the Euro Area and the U.S. In contrast, a fundamentals-driven
RPE liquidity trap can be more persistent. Figure 5 depicts the maximum expected dura-
tion of the liquidity trap (equal to (1 —p)~!) that we can generate in a ZP REE or ZP RPE
for different combinations of demand shock, €;. It can be seen that liquidity traps cannot
be very persistent in an REE, whereas the RPE liquidity traps can be highly persistent,
particularly if ¢ is relatively large as in panel (a).!* Panel (c) again shows that the curse of
flexibility is a more pronounced problem for the REE. The BRE results are not depicted in
Figure 5, but Proposition 4 implies that we can generate permanent ZLB events in a BRE
for very negative shocks.

Second, suppose the model is incoherent under RE, but an E-stable RPE exists and
the economy is in it. One could argue that agents inhabiting the RPE would notice that
RPE inflation and output follow a 2-state process. Hence, agents would then stop setting
one-period ahead inflation and output expectations equal to the long run average of those
variables, and start to estimate a 2-state forecasting model in their attempt to learn these
dynamics. Our previous propositions already suggest this might be a bad idea. Indeed,
Proposition 5 establishes that such beliefs cannot be self-confirming. Can they reach another
— not self-confirming — equilibrium? Figure 6 (a) depicts the results from simulating the

14Note that p = 0.965 produces an expected liquidity trap duration of around 28 quarters, which is the
length of the 2008-2015 ZLB episode in the U.S.

21



Figure 5: Maximum Expected ZLB Duration in a ZP Solution
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Figure 6: Simulations when REE doe not exist and an RPE exists
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learning dynamics for the case of MSV-consistent beliefs and also for the case of RPE-
consistent beliefs, assuming a small constant gain.'® It clearly shows that MSV-consistent
beliefs are explosive even with very small gain parameter, while, on the contrary, the RPE-
consistent beliefs are not. Panel (b) in Figure 6 displays the dynamics of expected inflation
(and its cumulative average in red) from which it is evident that RPE expectations remain
in some neighborhood around their RPE values.'® Numerical simulation therefore suggests
another reason why the RPE might be a good alternative. If an RPE exists — and an REE
does not — and if agents try to learn using the REE PLM, then the economy will derail
into deflationary spirals. On the contrary, if agents try to learn the RPE, then expectations
remain stable and “centered” on the correct RPE values — provided that the gain parameter
is small and initial inflation and output expectations are not too far away from the average
inflation and output rate in the RPE.

Third, it is important to note that the assumption of learning by itself ensures coherence
and completeness, provided that agents have lagged information, which is the most common
assumption in the learning literature. The following proposition highlights this important

implication of learning.

Proposition 8 The model (20)-(21) is coherent and complete if Y; is not observed contem-
poraneously (i.e. k=1).

The preceding proposition makes it clear that learning ensures the existence of a temporary
equilibrium given any p, ¢, €, €2, provided k& = 1.'7 Intuitively, learning implies that expec-
tations are predetermined, and this simplifies the task of computing the market clearing
equilibrium allocation relative to the nontrivial fixed point problem needed to solve for the
REE. While expectations are not self-confirming in a temporary equilibrium — unless infla-
tion and output forecasts are identically equal to RPE values — a temporary equilibrium for
the economy always exists when agents are in the process of learning the RPE.

15For MSV learning simulation, we initialize the forecast, Y, to match the state-contingent mean of
inflation/output in the RPE when ¢, = ¢;. In other words, we assume that agents observe actual endogenous
variables in the RPE switching with ¢; during periods t < 1 and then they decide to make their forecasts
consistent with the switching at ¢ = 1. We use the same initialization for RPE beliefs.

16Moreover, simulations — not reported — also show that RPE-consistent beliefs tend to revert to RPE
values even with decreasing gain and when initial beliefs are a small distance from RPE values. Intuitively,
the RPE-consistent beliefs could also be explosive (into deflationary spirals) whenever the gain parameter is
too large or initial beliefs are very far from the RPE value.

If k = 0 then a temporary equilibrium can fail to exist for small values of ¢ with decreasing gain.
Therefore, under contemporaneous information — which is the less common assumption in the adaptive
learning literature — we need to restrict the magnitude of the gain parameter to get a solution. This same
result applies to a model with “constant gain” parameter, where ¢t~! is replaced by some scalar, 7. If
k = 1, the model is coherent for any v € [0, 1], but is incoherent for high values of v if £ = 0. Evans and
McGough (2018b) documents that constant gain learning models with contemporaneous information can
lead to unreasonable predictions when interest rates are pegged. Proposition 8 is a complementary result
that favors the lagged information assumption.
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Of course there could be other non-rational equilibria such as the consistent expectations
equilibrium considered by Jorgensen and Lansing (2021), the stochastic consistent expec-
tations equilibria (SCEE) of Hommes and Zhu (2014) or Airaudo and Hajdini (forth.). In
particular, an SCEE arises if agents use a forecasting model akin to (19) with lagged informa-
tion about endogenous variables and the agents’ beliefs about the mean and autocorrelation
of inflation and output implied by the forecasting model is confirmed by the observable
economic data. In a SCEE, agents’ forecasts introduce a lag of inflation and output into
the model, which prevents us from analyzing the existence of SCEE in our model with an
occasionally binding constraint.'® Our numerical analysis indicates that these more sophis-
ticated non-rational equilibria may not exist for some plausible calibrations of the model.'”
Thus, the RPE may even be the best alternative among non-rational equilibria of our model
with M = M; = N = 1, but CEE or SCEE existence remains an open question. However,
whether or not these alternative non-rational equilibria exist is not relevant for the main
result of this paper: rationally incoherent models are non-rationally coherent, i.e., admit

non-rational equilibria.

4.4 RPE and Continuous Shocks

To get closed-form solutions for both REE and RPE, we must assume that ¢; follows a
discrete-valued Markov chain. To the best of our knowledge, no paper provides conditions
for existence and uniqueness of RE equilibrium which can be applied to a model similar to
our model under the assumption that ¢, is both persistent and continuously distributed.?’
However, while it is hard to characterize REE in a model with continuous shocks and an
occasionally binding constraint, it is relatively easy to derive RPE.

To illustrate, consider the model (1)-(3) and suppose instead that e¢; = pe;—1 + v, where

p € 10,1) and v; ~ N(0, 02). In an RPE of this economy, agents’ forecasts are given by

v

By = ap, Byryy = %aﬂ consistent with the RPE studied in the previous sections.
Substituting these expectations into the model gives the following RPE law of motion for
inflation:
(1+ Ao)ax + Aop+ Ae, if s, =0,
T = 1+\o A f o (22>
oo T Thaos bt it s, = 1.
Let h(a,) denote E(m;) as a function of a,. Then:
h(az) = Pr(s; =0) E(m|s; =0)+ (1 — Pr(s;, =0)) E (m]sg = 1) (23)

18See, e.g., Ascari and Mavroeidis (2022) for a discussion on the difficulty of studying models with occa-
sionally binding constraints and lagged endogenous variables

19Results are available on request.

208ee Mendes (2011) for analytical existence results under the assumption that €; is a mean-zero, i.i.d
process.
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To compute RPE, we need to compute Pr(s; = 0), E(m|s; = 0) and E(m|s; = 1) as
functions of a,. Let & and ¢ denote the standard normal probability distribution function
and standard normal probability density function, respectively. Further, define:

L(az) == (0uA) " (=p/t = (1 + Ao)ar — Aop) (24)
It follows that:

Pr(s; =0) = ®(L(a,)),

Aoyd(L(ax))
®(L(ar))

_1+)o Aoud(L(ax))

T 1™ T T+ aew)(1 - ®(L(ay)))

E(mlse =0) = (1 + Xo)ar + Aop —

E(mlse =1)

Therefore, we have :

has) = ~T 27 o 4 B(L(ay)) (

(14 Ao)Aoyp
1+ Aoy

¢(L(ax)) N0t
14 Aoy '

14 Aoy

ar + Aau) - (25)

There is an RPE if and only if there exists a, € R such that h(a,) = @,. One can show
there exists a unique maximum of h(a,), denoted a’, and consequently there is either no
RPE solution or there are exactly two RPE solutions.?’ A necessary and sufficient condition
for existence of the RPE is h(a’) — aX > 0. We summarize the result as a proposition.

Proposition 9 Consider (1)-(3) and suppose that €, = pe;_1 + vy where vy ~ N(0, 02).
Then:

i. Two RPE ezist if and only if h(ak) > at where a% is given by

e (o (50)

ii. An RPE does not exist if and only if h(al) < ak.

By inspecting (25), one can see that increasing the variance and persistence of the shocks
(i.e. increasing o, and p) or decreasing price rigidity (i.e. increasing \) reduces h(a), that
needs to be positive for an (actually two) RPE to exist. Consequently, sufficiently high values
of o,, p or X preclude existence of RPE in the model with continuous, persistent shocks.
Figure 7 plots h(a) — a for three different values of o,, assuming p = 0.8. It is evident that

larger values of o, shifts h(a) down.?* Notice that the RPE levels of inflation are always less

21To see this, note that ® is strictly decreasing in ar and ® and L are injective functions and that

h(ax) = )‘ﬂ(l)\;i) + ML(Q"BE;\Z%““‘”» Then under the Taylor Principle (¢» > 1), there exists a unique

maximum, a, such that A’'(a%) = 0 and h'(ay) > 0 (W' (ar) < 0) for all a, < ak (ar > af).

)y Yy

22Figures 7 and 8 plot h(al) — a® for different calibrations of key parameters. In both figures we use the
following benchmark calibration unless otherwise noted: 5 =10.99, c =1, ¢¥ =2, A =0.02, p =0.8, 0 = 0.1.

25



than the zero inflation steady state level, and hence the RPE display a deflationary bias akin
to the deflationary bias studied under RE in Nakata and Schmidt (2019) or Bianchi et al.
(2021). Figure 8 plots h(ak) — ai for different values of other key parameters in calibrated
models. To interpret the panels in the Figure recall that h(a’)—a’ > 0 for the RPE to exist.
The figure shows that the RPE is less likely to exist if the shock variance or persistence is
high, or if prices are more flexible. Hence, the same insights from the simple 2-state process

example carry over to the case of continuous shocks (see Figure 4).

Figure 7: Existence and Multiplicity of RPE with Continuous Shocks

5 Variation on a Theme: Lagged Expectations

Throughout this paper we stuck to the standard assumption that agents observe the demand
shock contemporaneously (i.e. ¢ is included in agents’ time-¢ information set). This would
be a natural assumption if for example ¢; is a shock to the households’ preferences as in
Eggertsson and Woodford (2003). However, the assumption that agents observe ¢, with a
lag (so that €1, but not ¢, is included in agents’ time-¢ information set) permits the study
of some additional non-rational equilibria which may exist in rationally incoherent models.

To illustrate existence of these additional “lagged expectations equilibria” (LEE), con-
sider the model (1)-(3) and suppose ¢ = 1, e = 0. Further suppose that agents believe
inflation and output follows a persistent 2-state Markov chain (just like rational agents) but
instead agents do not know ¢, and hence agents attach p? probability to the prospect that
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Figure 8: RPE Existence
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€41 = €1 when forecasting at time ¢ in the temporary state, instead of attaching p prob-
ability to this event as agents with full-information RE would do. Under this assumption
about agents’ time-t information set, the economy either returns to the steady state with
zero inflation or the steady state with zero interest rates after ¢, = e¢5. The “temporary
state” value of output when ¢, = ¢; (assuming for simplicity that we go back to the zero
inflation steady state) is given by:

A
v = v(p?)Exi — amax{lib—Bpth, —u}+ e (26)
where v(p®) = (1 + 1_)\—21)2) > 1,

which we obtain by substituting the Phillips curve and Taylor rule into (1). From this
equation, it is apparent that for any p, sufficiently low values of €¢; preclude unconstrained
interest rates, just as in the case of full information RE. Thus, for a sufficiently large demand
shock, output will be given by;

1
1 —p*v(p?)

if a solution of the model exists at all. We call this solution a lagged expectation equilibrium

Ty = (op+e), (27)

(LEE). It is a self-confirming equilibrium because agents correctly forecast the conditional
mean of output and inflation (e.g. E(x¢|e; = €1) = W(Uu—kel) and F(z;|e; = €5) = 0).%
Note that pv(p?) < pr(p), and therefore if p>v(p*) < 1 < pr(p) we will have a LEE given any
€1, but only an REE if ¢; is sufficiently close to zero. REE existence always implies existence
of LEE, so the opposite is not true. This simple exercise reveals that there can be additional
deviations from RE, beyond the scope of this paper, which are useful for understanding an

incoherent model.

6 Concluding Remarks

Standard RE models with an occasionally binding zero lower bound (ZLB) constraint either
admit no solutions (incoherence) or multiple solutions (incompleteness). This paper shows
that the problem of incompleteness and incoherence hinges on the assumption of RE.
Models with no rational equilibria may admit self-confirming equilibria involving the use
of simple mis-specified forecasting models. The main message of the paper from the existence
analysis is that when negative shocks are sufficiently large in magnitude or sufficiently per-
sistent, the baseline NK model is incoherent, but can admit RPE or BRE. Completeness and

2In the first period such that €; = ez, we have x; # 0. However, E(z¢|e; = €3) = E(mi|er = €2) = 0
because state 2 is an absorbing state. Thus, the LEE is a non-rational equilibrium in which agents have
self-confirming beliefs about the state-contingent conditional means of endogenous variables.
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coherence can be restored if expectations are adaptive or if agents are less forward-looking
due to some information or behavioral friction.

In the case of multiple solutions, the E-stability criterion selects an equilibrium. An RPE
can exist as a self-confirming equilibrium, even if the underlying model does not admit an
REE. Thus, non-rationality of agents’ beliefs can save the economy from blowing up into
infinite deflationary spirals, while it yields persistent liquidity traps. These results highlight
how deviations from RE help us understand persistent liquidity traps in theoretical models
and interpret the recent episodes of liquidity traps in Japan, the Euro Area, and the U.S.

We leave room for future work. In particular, we used the RPE and BRE concepts to
make our point simple and clear, and consequently we abstracted from other self-confirming
equilibria that could emerge under adaptive learning, such as CEE or SCEE. Similarly, we
excluded other popular forms of non-rationality from our analysis, such as level-k reasoning.
Finally, we put a premium on analytical results and therefore we focused on a simple the-
oretical model. Future work could examine related issues in larger, empirically-rich DSGE

models.

Appendix

Proof of Proposition 1

Consider Proposition 1 and define a = Ao, Q = I, — (1+ B+ Xo) K + BK? and 7' = (7, 7})’,
and let e; denote the j-th column of the 2 by 2 identity matrix, I,. The PP solution is given
by:

PP = (Q + Aowly) ™! GZ) .

The PP solution exists if and only if ¢ynf” > —p for j = 1,2. From #"” we see that 7{"

and 77 are linear in ¢, and

on” NI-g+a=(p+g-Df) +aw-1)

Oer a(p =Ny +1-p=q)+2-p-q)(1-Bp+q-1))

o’ AMl=g)a=Bp+g—1)+1) =0

O a(p = D(a(p+1-p—q)+2-p-q)1-Bp+q-1))
Thus, PP exists if and only if ¢; > ¢77 = min(el'?, e£’?) where e/’"" and €& solve v7f? = —p
and Y78’ = —p, respectively. We have

PP a(@ — D(ap(® —1) + dep)(a(-p—q+ ¢+ 1)+ (—p—q+2)(1 - Blp+¢—1)))

AMl=q)(a—=Blp+qg—1)+1)(a(¥ —¢)+ (1 —-q)(1 = B(p+q—1)))
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Therefore, the PP solution exists if and only if ¢; > 7 = eI’" where

PP _ (v —1)(p+q—v —1)
M)(—(a+1)g+ayp+ B~ Pp+Belp+q—2)+1)
aAeas(p— D)+ () — D) (=p—q+2)(Blp+q—1) — 1)) = Aea(p — DY(Blp+q—1) — 1)
Mp(=(a+1)g+a+ 8 —Bp+ Balp+q—2)+1) '

€

(28)

The ZP solution is given by
= (Q + Mobeyey)” <)\61;\_ AUM)
€2

The Z P solution exists if and only if Y7Z¥ > —u > ¢7Z?. From #
7Zr

ZP we see that 7Z2F and

are linear in ¢; and

orf" M1 -g)(a—=Bp+g—1)+1)+a(y - 1))

Dy a(—a(p+q—1)+app — (Blp+q—1)—1)(p(Yy = 1) —q— ¥ +2))
omy" Mg—1D(a—Bp+qg—1)+1)

Oy a(—a(p+q—1)+app — (Blp+q—1)-1)(p(Yy = 1) —q— ¥ +2))

67r2

From the last equations it i > 0 if and only if den?? > 0
where den”” = —(—a(p+q—1) + apy — (B(p+ qg—1)— 1)( (v —1)—q—+2)). Solving

for e#F and €4 such that Y7Zf = —p and Y7ZF = —pu, respectively, we have
2P _ zp _ a(ap(y = 1) + Aegyp)den””
! 2 EAZP,den

eazpiaen = (1=@)M(a+B(1-p—-q)+ (1 =g)la=Fp+q-1)+1)+a(-1))>0

Therefore, if den?? > 0 then €2 < €; < ¢ is necessary and sufficient for existence of ZP;

otherwise, eZ”" < ¢; < ' is necessary and sufficient for existence of ZP. Further, we can

show:
P au(h —1)(p+qg—19 —1)
! M(—(a+1)g+ap+B8—Pp+Belp+q—2)+1)
aAea(p— DY+ p(@ —1)(—p—q+2)(Blp+q—1) — 1)) = dex(p — D(Blp+q—1) — 1)
M(—=(a+1)g+ap+ 5 —PBp+Belp+q—2)+1)
and

P aAup—1)p+q—1)—delp—DYBp+q—1)—1)
“ Mg—Dip(—a+Bp+qg—1)—1)
a(Aeapp +p(p = 1)(2—p—q)(Bp+q—1)—1))
Mg—=1D(=a+Bp+qg—1)—1)
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7P = min{e”" eZ”} is necessary and sufficient for existence of ZP or PP

Therefore, €; > €
solution.

The PZ solution is given by

~PZ _ r\—1 A€
7 =(Q + Aoperer) <)\€2 + )\0',u> :

The PZ solution exists if and only if Y7l > —u > P4, One can show

or{”?  _ AMl—(a+1)g+Bg—1)(p+qg—1))

de; ala(lp—qp+q—1) = (Blp+q—1) = 1)p—qb+q+¢—2))
B Anumi?
~ denP?

omy? Ml —=q)a=Bp+q—1)+1)

e alalp—qv+q-1)—Bp+q—-1)—-1)(p—q+q+1 —2))
B Anumb?
 denPZ

PZ . . . . . .
Clearly numi? > 0. Now ad% = anumi?, so dent? is increasing in ¢ if and only if

numt? > 0. Since den?? is linear in v there exists a unique % such that dent? = 0:

(I+a+(1—p—q)p)(L—Dp)

numi?

'l,bPZ:l‘i‘

Therefore, if num?? < 0, 7% < 1 and den’? is decreasing in ¢, which implies den?? < 0
for 1» > 1. Otherwise, den? < 0 if numf? > 0 and 1 < o < % and dent? > 0 if
numt? > 0 and ¢ > pFZ.

Solving for €/’ and €£'Z such that ¥ni% = —u and ¢ml? = —p, respectively, we have
(P7 _ PZ (ap( = 1) + Neggp)den”™
1 2" =

M1 =gq)(a—Bp+q—1)+1)Ynumi?

There are three cases to consider. First, if den”? > 0 (which implies num{? > 0), then
ont? /e, > 0, 0rd% /0y > 0 and €£'Z > €£'Z s0 ¢) > i'? > el'? > ¢ is necessary for PZ
existence, but not possible. Second, if den? < 0 and num?? > 0, then d7F% /¢, < 0,
ons?/0e; < 0 and €]Z < €§Z, 50 61 < e? < e€)'? < € is necessary for PZ existence, but
not possible. In the third case, dent? < 0 and num?? < 0, which implies 7% /0¢; > 0,
ord?/0e; < 0, and e}'? < €7 so that e§Z < el'? < € is necessary and sufficient for PZ
existence in this case.

One can show:

(P7 _ PP _ a(p—D(ap( —1) + Aep)(a — Blp+q—1) +1)
' (num{?)A((1 = @)1 +a— (=1+p+q)B) +a(y — 1))

>0
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if PZ exists (since this requires numi? < 0). Therefore, if PZ exists then ¢; > €77 and
hence the PP or ZP solution also exists.
The ZZ solution is given by

~Z7 -1 )\61 + )\O'/,l/
T =(Q) (x\ﬁg—i-/\au '

The ZZ solution exists if and only if wW]-ZZ < —p for j = 1,2. One can show

or{? Al—(a+1)g+pBg—1)(p+g—1))
Der alalp+q—1)—(p+q—-2)Bp+q—-1)—-1))
Anum??
= aden??
ony” Ml =g)la=Blp+g—1)+1)
Dey alalp+q—1)—=(p+q—-2)Bp+q—1)—1))
Anum?
= aden?Z

Clearly num%? > 0. We can further show that —num?? = den?? + (1 — p)(1 +a — (p +
q—1)B) > den??. Hence den?? > 0 implies num?? < 0. Solving for ¢#Z and e5# such that

Yré% = —p and YrdZ = —p, respectively, we have
ZZ _ 27 _ aden”” (ap(ih — 1) + Aexy))
1 2 =

Anum??y(1 —q)(a = Bp+q—1)+1)

There are three cases to consider. First, if den?? > 0 (which implies num?% < 0) then
) 1
on?%/0e, < 0, 0n4%/0e; > 0, €27 > 7% so that ZZ existence requires €54 > ¢; > €7%.
1 ) 2 ) -2 1 2 1
Second, if den?? < 0 and num?? > 0 then 0777 /0e; < 0, OnZ%/0e; < 0, €57 > 7 s0
that ZZ existence requires ¢, > €% > €#%. In the third case, den?? < 0 and num?? < 0
q 2 1 1
which implies 0174 /0e; > 0, 0127 /0e; < 0, €27 > €4%, so that ZZ existence requires
p 1 ) 2 » €1 2 >
€1ZZ > € > eQZZ .

Now it can be shown that €% = ¢ZF and

77 _ PP _ a(p— D(ap(® —1) + Aex)(a — Blp+q—1) + 1)

= >0
: NnumfZ (1= q)(1+a— (=1 +p+q)f) +a( 1))
if num?? < 0. Since 5% = €5 and existence of ZZ only hinges on €; > €77 if num?? < 0
it follows that the ZP or PP solution will exist if the ZZ solution exists.
We conclude that an REE exists if and only if
€1 > €EREE = miH{EPP, GQZP} (30)

where €7’ and €27 are defined in (28) and (29), respectively. B
D)
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Case. ¢ =1

Here we show that Proposition 1 nests Proposition 5 of Ascari and Mavroeidis (2022) as a
special case. Specifically, we compute the condition from lim,,; €gpr and show that this
recovers the result in Proposition 5 of Ascari and Mavroeidis (2022). Alternatively, we could
repeat the preceding analysis in the model with ¢ = 1, but this gives the same result.?*
Define § = U=2U=p) _ U=p)U=pf) .61y the preceding analysis, an REE exists if and

Aop ap
only if €; > égpp = min{e?’? P} where €5 can be expressed as ¥ = y(1 — ¢)~!. In the

limit ¢ — 1 we have:

P (a(p— v) pa&) Aea(p—1)(a— PBp+1)
o O aA( — 1)
 Bla ) - D~ 1) + de)
(I+a—pB)A '

Now, p(1 +a+ B) — 1 —p?8 < 0 if and only if § > 1. Therefore, egpp = 5 — —co as
qg — 1if 8 > 1. We conclude that any value of €; ensures existence of a solution when 6 > 1
and g =1. If # < 1, then y — +o0 and ézpp = 'F.

Now we show that our conditions recover Proposition 5 in Ascari and Mavroeidis (2022).
First, we have u = log(rm,) > 0 which implies 7! < m, where r and 7, are the steady

state gross real interest rate and inflation rate, respectively. Further, we set ¢2 = 0 and

€ = —O'Mt+1|t = opry. The critical threshold, eI’” becomes
0 - p))
za(L o
(4 Py
Thus, a solution exists if and only if either § > 1 or § < 1 and —rp < p (% + (ﬁ;p)> as in

Ascari and Mavroeidis (2022).

Proof of Proposition 2

The proof of Proposition 2 is a straightforward extension of the proof of Proposition 1.
Define ¢ = Pr(s; =2) = (1 — p)/(2 — p — q). The regime-specific levels of inflation in RPE
i, 7" = (wi, m%)’, are given by fixed point restrictions that have the same basic form as the
REE fixed point restrictions except we replace ¢ with ¢ and p with 1 — ¢g. Therefore, RPE
will exist if

€1 > égpp = min(el HEPE JPRPEY (31)
where ePPRPE (ZPRPE Y ave the same form as €P7 eZF given in (28),(29) except we replace
q and p with g and 1 — @, respectively. One can show:

PP _ _PPRPE _ Zpp(l—p— q)

= Ezp(1=p—9q)

€

6ZP . 6ZP,RPE

24Mathematica routine available on request.
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= = a(l+a—B(p+q—2))(A—p) (=1 (apu(¥—1)+Ae2t) <0
=PP = Xg(a(1—4) 2—p—q)+(a+1)(¢— 1)) (1—q) (I+a—B(p+q—1)) Fa(¢—1)) =

and Z,p = “(ifﬁsl()qfﬁf;gS:;fg(i(j’;fﬁf)) < 0. Hence, €grpp > €égpe ifp+q¢>1. N

Proof of Proposition 3

Consider Proposition 3 and define a = Ao, Q = Iy — (M + M3+ Ao N)K + SMM;K? and
7t = (i, 7)), and let e; denote the j-th column of the 2 by 2 identity matrix, I. The PP

solution is given by:

#PER —(Q + Aoply) ™! <A61) .
)\62

. L . PP,BR . .
The PP solution exists if and only if ¢m; 7" > —p for j = 1,2. From aPPBR we see that
PP,BR PP,BR . .
™ and T, are linear in €; and
PP,BR PP,BR
om num,
— >0
ey denPPBR —
PP,BR PP,BR
om, num,
= > ()
Oeq denfPBR —
where

numy TPE = Mp(ap + BMM;(p(q — 1) + q(q — 1) + 1) — Mq — ¢(BM; + aN) +1) > 0
numy P = Ng— DY(BMy(M(p+q) —1) — M —aN) >0
denPPE - — (a(sh — N) + (1 = M)(1 = BMy))den PP" >0
deny 7P = ap+ M(p+q—1)(BMy(p+q—1)— 1)
+ BM;—(p+q)(BMy+aN)+aN+1>0

Thus, PP exists if and only if ¢; > e?PBE = min(el PP lPPR) where el PP and e 72"
solve 1/)7{ PBR _ —u and 1/}%5 PBR _ — i, respectively. We have

PP,BR _ _PP,BR

Yden™ P (pla(y — N) + (1= M)(1 = BMy)) + deat))

I\ PP,BR PP,BR =
num; nums,
Therefore, the PP solution exists if and only if e, > e?PBR = PP where

(FPPBR 71273

Mp(—q(aN + BMy) + ayp + BMMy(p(g — 1) +q(q — 1) + 1) — Mq+1)
m = (a(¥—N)+(1-M)(1-MpB)) >0

(32)

2 = (=(p+a(aN +BMs)+a(N+v)+Mp+q—1)(BMp+q—1)—1)+ My +1)

el —plY(=aN +BM;M(p+q) —1)— M)
N3 = denPP.BR

34



The ZP solution is given by

R0 = Q-+ Avescy” (1),

The ZP solution exists if and only if YrZ"P% > —p > ¢aZPPE. From #ZPBR we see that

ZP,BR ZP,BR : :
m and 75 are linear in €; and

omy PP A(a( — Nq) + BMy(M(p(q — 1) + qlg — 1) + 1) — q) — Mg+ 1)

Oeq den?P.BR
omy PP A1 = @) (aN + BMy(1 = M(p + q)) + M)
dey den?PBR
From the last equations it is clear that agip > ( and agizlp > 0 if and only if den?PPE > ()

where den”" P = M(aN(p+q—1)(BMs(p+q) —2) +ap(BM(=p(p+q—1)+q—1)+p) +
(BMy—1)(p+q)(BMs(p+q—1)—1)) +a(aNp+ BMp — 1) — (aN + My — 1)(aN(p +
q— 1)+ Mi(p+q—1)—1)+ M*(BM; —1)(—(p+¢q—1))(BMs(p+q—1) —1). Solving

for 7P and 7P such that ¢ P" = —p and rd PP = —p, respectively, we have
(ZPBR _ ZPBR _ (((1 = M)(1 = MyB) + a(tp — N)) + Aegtp)den”" "
1 ’ AEAZP,BR

eazppr = (1— g)numy "M + aN + MyB(1—M(p+q))) >0
numy Pt = Y(a( — Nq) + BMp(M(p(g—1) +q(g —1) +1) —q) — Mq+1) >0

: ZP,BR ZP,BR . : :
Therefore, if den?PBE > 0 then €5 7" < €; < €] """ is necessary and sufficient for existence

. ZP,B ZP,BR . . .
of ZP; otherwise, €]’ Boe < € Rig necessary and sufficient for existence of ZP. Further,

we can show:

ZP,BR
¢ _ (PPBR

and

(ZP.BR i (—(p +q)(aN + M) +aN + M(p+q—1)(BMy(p+q—1) — 1) + My + 1)
2 Mg —Dyp(aN — BMMy(p + q) + M + 8My)
YeaMaNp + BMp(M(=p(p+q—1)+q—1)+p) + Mp—1)

) Mg —1)(aN = BMM¢(p +q) + M + SMy) (33)

: ZP,BR
Therefore, €; > min{e"PBE 7"

} is necessary and sufficient for existence of ZP or PP
solution.

The PZ solution is given by

~PZ BR __ 1\—1 A€y
T = (Q + Aobere)) (>\62 + )\UM) :
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PZ,BR
1

The PZ solution exists if and only if ¥ > —p > 1/17?5 ZBE One can show

omy P8 A1 — (M +aN)g+ Mp(M + Mp(—1+q) — g+ M(~1+q)q)B)¢)

ey dent% BR
B )\numjlP Z,BR
- denPZ.BR
PZ,BR
om, _ M= g¢)(M +aN + My(1—-M(p+4q))B)y
Oeq N dent% BR
A\numb?BR
_ 2
- denPZ.BR

where den””P® = —M(aN(p+ q — 1)(6M(p + q) — 2) + ap(BMy(p — 1) — BMsq(p + q —
D+aq)+(BM;=1)(p+q)(BMs(p+q—1) = 1))+ (aN + SM; —1)(aN(p+q—1) + BM;(p+
q—1)—1)—ayp(aNg+ BMq—1)+ M*(BM; —1)(p+q—1)(BMs(p+q—1) —1). Clearly

PZ,BR
nums, - > 0.

Solving for ef ZBR and 65 ZBR quch that wﬂf ZBR — _ | and wwf ZBR _ _ |, respectively,

we have

([PZBR _ PZBR _ V(i + Yex)dentZBR
1 2 =
A1 = @)(M + aN + M;B(1 — M(p + q)))num; 5%

. . . PZB
There are four cases to consider. First, if den®?PR > 0 and num!?”% > 0, then

omi 2P 19e; > 0, Omy PP 10e; > 0 and el 7P > PP 50 ¢ > F PP 5 (PR S ¢ s
necessary for PZ existence, but not possible. Second, if den?%BR < 0 and num?!?"% > 0,
then dnl 7P /9e; < 0, Ot 7P /0e; < 0 and el 7PF < 7P g0 ¢ < PP < £7PF <
€1 is necessary for PZ existence, but not possible. In the third case, den”%5%® < 0 and
num?i ?P"* < 0, which implies dn] 77" /de; > 0, Ony ?P" /9e; < 0, and ) 2PF < 7P 50

PZ,B PZ,B : : . . .
that €, B~ € B < ¢ is necessary and sufficient for PZ existence in this case. In the

fourth case, den%PR > 0 and num!?"" < 0. One can show:
den#P1 = 5(p — 1)(M +aN + MB(1 - M(p+q)))
b onum ARy g

§ = (M—1)(1— MB)+aN

Hence, den%B% > () and numfZ’BR < 0 implies § < 0, since M +aN +M;B(1—M(p+q)) >

0. Now, for PZ to exist it must be the case that

PZ,BR pzBr _ —WUoXer — UYmi(Aey + ap) 0
T — Ty = denPZ.BR =

n1(Aes + ap)

0
S

— €1 >
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where the last three inequalities hold if § < 0 and denf%P% > 0. Also, if dent%P% > ( then
PZ,BR

€1 < €, 777" is necessary for existence of PZ solution. If 6 < 0, we have:
(FPZBR _ Aeatp(aNp — ap + M(BM(—p(p+q—1)+q—1) +p) + BMsp — 1)
’ A1 = q)(aN + BM(1 — M(p+ q)) + M)

pm(—(p+q)(aN + BMy) +a(N + )+ M(p+q—1)(BMy(p+q—1) — 1)+ BM; + 1)

_ <0
A1 = q)(aN + BMs(1 — M(p+q)) + M)

Since ¢, > 0 > egz’BR > ¢; does not hold, the PZ solution does not exist if den?%5% > (
and numfZ’BR < 0.

Hence, a PZ solution can only exist if den”?P% < 0 and numfZ’BR < 0and € > efZ’BR.
One can show:

(PZBR _ _PPBR _ P?a(l —p)(aN + M + MB(1 — M(p + q))(Mez + pm) <0

i —

ZP,BR PZ,BR
—Anumj num;

if PZ exists (since this requires numfz’BR < 0). Therefore, if the PZ exists then ¢; > B

and hence the PP or ZP solution also exists.

The ZZ solution is given by

~Z7Z,BR _ 1 (A1 + Aop
T = (@) <)\62 + Aau) '

The ZZ solution exists if and only if @DW]-ZZ’BR < —p for j =1,2. One can show

oy 2 P8 M= (M+aN)qg+ My(M+ Mp(—=1+q) — g+ M(—=1+q)q)8)¥)

ey den4Z,BR

7%,BR
Anumj

denZZ,BR

oy 2 Ph A1 = q)(M +aN + M;B(1 — M(p + q)))¢

Oey den44BR

72,BR
Anums

denZZ.BR

where den??PR = —§(1+aN+MiB—(p+q)(aN+M;B)+M(p+q—1)(M;B(p+q—1)—1)

and clearly num?”?”® > 0. Solving for ¢Z%”% and /"% such that n??"" = —p and
w7r22 ZBR _ —u, respectively, we have
(ZZBR _ ZZBR _ den??BE(n 4+ Mpey)
1 i AL = g)(M +aN + MyB(1— M(p+ g)))numi” "
There are four cases to consider. First, if den?ZPE > 0 and num??®% < 0 then

orl Pl 19e, < 0, 0nd PPl 19e; > 0, 571 > ZPPR 5o that Z7 existence requires €5 7P >
e1 > eZ%PR Second, if den?%BR < 0 and num?%P® > 0 then 0n??P% 19e, < 0, 0nZ7 P J9e; <
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ZZ,BR

0, EQZZ’BR > € , so that ZZ existence requires €; > €2Z ZBR elzZ’BR. In the third
case, den??PR < 0 and num?”"" < 0 which implies orZ?P% /9e; > 0, 0nZ7P% /9e; < 0,
elzZ’BR > eQZ ZBR 5o that ZZ existence requires elzZ’BR > € > eQZ 7BR

Now it can be shown that EQZZ’BR = 2P and

zz8r  ppar _  —Ya(l =p)(M +aN + M;B(1 — M(p+ q)))(PAea + mp) 0
€1 - ¢ = 77.BR >
Anum; i

if numlzZ’BR < 0, where

m = (1—gq)(aN+BM;(1—-M(p+q))+ M)+
a(p = N)+ (1 —=M)(1—-p5M;) >0

Since existence of ZZ in the first three cases only hinges on ¢; > EIZZ’BR if numlzZ’BR <0

and €27 = 7P it follows that the ZP or PP solution will exist if the ZZ solution exists
in the first three cases.

In the fourth case, den?%B% > 0 and num??"" > 0. One can show that:

den??PR = —§(=64+(2—p—q)(M +aN + MB(1— (p+ q)M)))

numlzZ’BR = 1/1(—5_1denZZ’BR+775)
= P(=0+ (1 —q)(M+aN+ MB(1— (p+q)M)))
s = - 1)M+aN+MB(1—(p+qM)) <0

Therefore, § < 0 if and only if the fourth case (num?”?”% > 0 and den??5E > 0) applies.
In the fourth case, 77 7"%/9e; > 0, On7?P%)9e; > 0, 7P > Z7PR = ZPPR o that
: : ZP,BRE

77 existence requires €, > €

We conclude that a BRE exists if and only if

; PP,BR _ZP,BR :
€ > Epp = mln{e , €5 }, ifd >0 (34)
—00, if 0 <0,

where e”PBE and 27" are defined in (32) and (33), respectively.

[

Proof of Proposition 4

Suppose § = (M — 1)(1 — M) +aN < 0. First, § < 0 implies num] > = ((1 — q)(M +
aN + MB(1 — M(p+ q))) — &) > 0 and hence no PZ solution exists since num; 2" < 0 is
necessary for existence of PZ solution, as demonstrated in the proof of Proposition 3.
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Also from the proof of Proposition 3, we know that the ZZ solution exists if and only if

ZP,BR _ ZZ,BR "
€1 < ey 7 =¢€577". From the proof of Proposition 3, we have

77Z,BR  _Z7Z,BR

€1 ) =

(ZZBR _ ZPBR _ den??BE (4 Mpey) -0
! 2 A1 —q)(M +aN + MB(1 — M(p + q)))num?%5"

where the last inequality follows from the fact that den?%5% > 0 and numlzZ’BR > ( if and

only if < 0. Further, we have the following from the proof of Proposition 3:

pror _ zzsr _ Yol —p)(M +aN + MyB(1 — M(p+ q)))(dAes +mp)
€ — €] = 775R >0
Anum; un
where the last inequality follows from the fact that numlzZ’BR > 0 if and only if 6 < 0.

Therefore, ePPBR > ZPPR and the ZP solution exists if and only if ePPBR > ¢ > eZPPF,

Define 7788 = /7P We conclude that the PP solution is the unique BRE when ¢ >
ePPBR the ZP solution is the unique BRE when e?Bf > ¢ > ¢ZPBR and otherwise the
77 solution is the unique solution. W

Alternatively, one can show that (M +1)(1— M;f)+ Ao N < 0 ensures completeness and
coherence using techniques developed by Ascari and Mavroeidis (2022).%

Proof of Proposition 5

Consider Proposition 5. To assess E-stability of an REE, we express Y? = (Y{,YJ') as a
function of agents’ expectations, Y = (Y, Ys')"

PP (e Ap 1—-p)Ap

e = ((1€Q)AP ( qz‘zfp >

YZP(ye) = ((1 ffZAp (1- p)Az) Ve £ T2P,
PZ (re Ap 1—-p)Ap

e = (0P, )

PP/<reyn pAyz (1_p)AZ Cre VA4
YPP(Ye) = ((1—Q)AZ o, )Y,

where T collect terms that do not depend on beliefs, Y¢. It immediately follows that

Dlyrr = K® Ap —1,

_ pAz  (1-plAz\ _
DTsz — ((1 . q)Ap qAP ]7

( pAp (1 _p)AP> 7
(1—-q)Az qAy ’
DTYzZ = K®AZ—I.

DTyPZ

25Results available on request.
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REE 7 is E-stable if the real parts of the eigenvalues of DTy are negative for i =
PP ZP,PZ, ZZ. 1t is straightforward to show that the real parts of the eigenvalues of
DTy rp are negative and the real parts of the eigenvalues of DTy zz are positive. Therefore,
the PP solution is always E-stable and the ZZ solution is always E-unstable. We now proceed
to show that only one REE can be E-stable in two steps.

First, we show that the PP solution does not exist if the ZP solution is E-stable. Because
DTy zr is a 4 by 4 matrix the following condition is necessary for E-stability of the ZP
solution:

a
1+ ay

Det(DTyzr) = den?” >0
where den?! is defined in the proof of Proposition 1. Therefore, E-stability of the ZP
solution implies den?? > 0. Furthermore, since den?? > 0 implies e’* > €Z¥ (see proof of

PP eZF are defined

Proposition 1), E-stability of the ZP solution implies e > eZ” where ¢
in the proof of Proposition 1. Also from the Proposition 1 proof, if e/7 > ¢ZF then ¢; > ¥
is necessary for existence of PP and €; < €7'F is necessary for existence of ZP. It follows that
the E-stability and existence of the ZP solution precludes existence of the PP solution.
Second, we show that the PZ solution is never E-stable. The following condition is

necessary for E-stability of the PZ solution:

1

dent? >0
T av en

D@t(DTyPZ) =

where dent? is defined in the proof of Proposition 1. Therefore, dent? > 0 is necessary for
the PZ solution to be E-stable. From the proof of Proposition 1, den? < 0 is necessary for
existence of the PZ solution. We conclude that the PZ solution can never be E-stable.

In sum, if the PP solution exists it is E-stable. If the ZP solution exists and is E-stable
then the PP solution does not exist. The ZZ and PZ solutions are never E-stable. B

Proof of Proposition 6

Consider (14)-(19), let Y, denote the subjective forecast of Y; implied by a given forecasting
model, and assume that agents observe ¢, and Y; when forecasting at time ¢. Furthermore, to
deal with possible multiplicity of time-¢ temporary equilibria, i.e. a time-t solution of (1)-(3)
given forecasts and ¢; with binding ZLB (s; = 0) and a solution with slack ZLB constraint
(st = 1), we simply assume that €; determines s;. E.g. if ¢, =¢;, s; = 0 and s, = 1 are both
possible in temporary equilibrium, and s; = 0 for some k < t such that ¢, = ¢;, then we
select the temporary equilibrium characterized by s; = 0.
(i) First consider (14)-(18).
Case. k= 0.
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If & = 0 and expectations are formed under PLMs (14)-(18) then Y/ follows a 2-state
process: Y,? =Y/ if ¢, = ¢;. Further, EY o = Prieg = e1|e)YE + (1 — Pr(esy = e1]e))Yys
is a 2-state process. Therefore, if £ = 0 then Y;” = Y} is necessary and sufficient for the agents
to have self-confirming beliefs under the PLMs (14)-(18). These self-confirming beliefs imply:
EthH = Pr(e1 = e1le)Y1 + (1 — Pr(e;1 = €1]€,))Y2. Substituting E’tYHl into the model
and solving for Y; and Y, straightforwardly implies that Y;, Y5 is an REE. Hence, beliefs
formed under (14)-(18) with k£ = 0 are only self-confirming if an REE exists.

Case. k= 1.

Beliefs are only self-confirming under the PLMs (14)-(18) with k = 1if Y = E(Yi|e;1 =
€j) for j = 1,2 where E denotes the true mathematical expectation operator. Further,
E,Y,.; formed under (14)-(18) follows a 2-state process and therefore temporary equilibrium
Y; follows a 2-state process: Y}, where Y; is the actual equilibrium value of Y given Y and
e, = ¢ for j = 1,2. It follows that beliefs are self-confirming if and only if E(Y;|e,_1 = €1) =
pY1+(1—p)Ys and E(Yi|e; 1 = €3) = (1—q)Y1+¢Y5. Therefore, if agents have self-confirming
beliefs under PLMs (14)-(18) with k = 1 then E,Y;,; = Yo, =pYi+(1—-p)Ysife =¢ and
EAtYHl =Y, = (1 = q)Y1 + qY> otherwise. Substituting EAtY}H into the model reveals that
Y1, Y5 is an REE.

(ii) Now consider (19). If agents observe time—t¢ information when forming time—t ex-
pectations then

EtZt+1 = Q4 + bzzt (35)

where z € {m,z}. We say that (19) yields self-confirming beliefs if agents correctly under-
stand the mean and serial correlation of z and =, i.e., a, = (1 — b,)E(2), b, = (E(z2-1) —
a.E(z))/E(z,). Given fixed a,, b, and expectations (35), Y; is a 2-state process: Y;
where Yj is the actual value of Y; given expectations and €; = ¢;. This implies E(z2_1) =
9325+ ((1—q)q+(1—p)(1—q)) 2120+ p(1—q) 2}, E(2}) = qz5+(1—q)2%, E(2) = qzo+(1—q)21.
Solving for a, and b, and substituting these values into (35) yields:

Et(zt+1|€t =e) = pa+(1—p2
Et(zt+1|€t =€) = g+ (1-q¢x

Substituting expectations into the model and solving for z;1, 2o straightforwardly reveals that
z1 and zo must be an REE. Therefore, (19) is not consistent with a non-rational equilibrium
of an incoherent model if agents have current information.?%

We conclude that if beliefs formed under PLMs (14)-(18) are self-confirming then an REE
exists. Consequently, (14)-(18) are not consistent with any non-rational equilibrium of an
incoherent model.

[

26Note that our result is related to Evans and McGough (2018a), who study E-stability of REE in linear
models when agents cannot observe exogenous shocks.
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Proof of Proposition 7

To assess E-stability of each RPE, we express the RPE unconditional mean of inflation and
output as a function of agents’ expectations, Y°:

YPP<Y6> — APYE + f\PP’
YZP(Ye) = (§Ap+ (1 —§)Ay) Y+ D?P,
YPZ(ye) = ((1—q)Ap + GA,) Y +PZ,
YZZ<Y6> — Azye + f\ZZ’

where I collect terms that do not depend on beliefs, Y¢. It immediately follows that

DTyrr = Ap—1,
DTyzr = qAp+(1—q)Az — 1,
DTyrz = (1—-q)Ap+qAz —1,
Dlyzz = Az —1.
It is straightforward to show that the real parts of the eigenvalues of DTy rp are negative
and the real parts of the eigenvalues of DTy zz are always positive. Therefore, the PP RPE

is always E-stable and the ZZ RPE is never E-stable.
The ZP RPE is E-stable if and only if

aqy(f+a+1)
ay + 1

Det(DTyzr)) = -t >0

—-1<0

Zf?”(DT{/ZP) = ﬁ—i—a—

where tr(B) denotes the trace of matrix B. We have tr(D1yzr) < 0 < Det(DTyzr) if and
only if g(1 + a)yy — 1 — ayp > 0. From the proofs of Propositions 1 and 2:

(PPRPE _ 62ZP,RPE = v(@l+a)y—1—ay))
a(Xexth + ap(yh — 1))

T T Mt Va9t "

Therefore, if the ZP RPE is E-stable then ¢?PRPE > (ZPRPE anq the condition for PP
PP,RPE PPRPE ~ ¢ >

existence becomes €; > € and the condition for ZP existence becomes ¢

€2Z PRPE 55 demonstrated in the proofs of Propositions 1 and 2. Hence, if the ZP RPE exists
and is E-stable then the PP solution does not exist.

Next consider the PZ solution. The PZ solution is E-stable if and only if
B—2ap+a—1 G(Bay+ a*p+ ay)

ZfT(DTf/PZ) = a+ 1 + ab+ 1 <0
Det(DTyrz)) = —GCSD:L? -~ aq%’:lw) >0
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which holds if and only if 0 < ¢ — 1 — q(1 + a) = den??EPEq=1 where den”#RFE is equal
to dent? defined in the Proposition 1 proof when ¢ = ¢ and p = 1 — g. From the proof
of Proposition 2, the PZ RPE only exists if dent4%F® < 0. Hence the PZ RPE is never
E-stable.

Therefore, the PP RPE is the only E-stable RPE solution when ¢; > e"PfPE and the
ZP RPE is the only E-stable RPE solution when eIPEPE > ¢ > 62Z PRPE Tt follows that a

unique E-stable RPE solution exists when ¢; > ézpr. B

Proof of Proposition 8

Consider (1)-(3) and suppose that expectations evolve according to
By (1) = Evo1 (90) + gy (yt—k — By (yt)) (36)

with k = 0,1, g,, € [0,1], given some initial condition Ey (y1) = ayo. To demonstrate
coherence and completeness, we begin by showing that there is a unique solution for g, xg,
Ry given initial expectations and exogenous shocks. Substituting (1), (3), Eoyr = a0 into
(2) we have

o = —\o max{qwrt, —/L} + A (axo + oaxg + 60) + ﬁaﬂo -+ U (37)

Given agg, arg, ug, €o there is a unique solution for my obtained from (37) if ¢» > 0. The
unique solution for Ry, o is obtained from the Phillips curve (2) and interest rate rule (3).
Therefore, for t > 0, we have:

EAt—Nﬂt = ﬂ_l (7Tt—1 — ATy — Ut—l) (38)
Eiqa =1 +oA Ny — 0B m g +0R .y — &1 + 0B (39)

Substituting (38)-(39) into (36), and then (36) into (1)-(3), the model can be written in the

form

A Yy + ApYo + ALY, = BioXo + BuiYio1 + B Yo + €n (40)
Ao Y1y + AgoYor + A% Yo, = BogXow + Bo1Yi—1 + B3 Yo, 1 + € (41)
Yoy = max{Yy, —pu} (42)

for t > 0, where Yy; = (x,m), Yo, = Rf = ¢¥my, Y, = (Y], Ya)', and X, are exogenous
shocks.

Case. k= 0.
Under contemporaneous information, we have
1 - 9z —0(y ! * !
AH = ( )\ 1— 6_97.-) Alg = (O' O) A12 = (O O)
A21 = (O —@ZJ) A22 = 0 A;2 = 1
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Following Proposition 1 of Mavroeidis (2021), we have coherence and completeness if and
only if

oY)
(1 - gx,t)(l - ﬁgw,t) - )\Ugw,t

It is easy to see that we only have coherence and completeness under the Taylor principle

1+ >0

(¢ > 1) if gy 4, grs, Or A are not too large. For instance, as A\ — oo we have the coherence and
completeness condition: g.; > 1, which only holds if we violate the Taylor Principle. Fur-
ther, if agents have “naive” expectations (i.e. if g, = ¢gr+ = 1) then we have the coherence
condition: ¥ < 1. We need to restrict gain parameters and the slope of the Phillips curve
to have coherence under the Taylor principle, adaptive expectations and contemporanous
information (k = 0).

Case. k=1

Under lagged information, we have

1
All = (_)\ ?) A12 = (O' 0), ATZ = (0 0)/
Ay = (0 —v) Ay =0 As, =1

Following Proposition 1 of Mavroeidis (2021), we have coherence and completeness if and
only if

1+oXp >0

which holds for all v» > 0. R

RPE under Infinite Horizon Learning

Consider the following infinite horizon New Keynesian model:*

v, = —or +E, Z BIH((1 = B)aryr + ompy1 — 0Brry + er) (43)
T>t
T = AT+ Et Z(fﬁ)Tﬁt (fﬁ)\Q?Tﬂ + (1 - f)ﬁWTJrl) (44>
T>t
iy = max{ym, —pu} (45)

where A = (1-£0)(1—¢) /€. Under infinite horizon learning, agents need to forecast the paths
of the nominal interest rate and the shock, in addition to the paths of inflation and output.

27See Eusepi et al. (2021b) for a recent derivation of the model (43)-(45). Note that this model collapses to
the standard 3-equation model in our paper if we impose rational expectations. Consequently, a stochastic
process for inflation, output and the interest rate is an REE of (43)-(45) if and only if said stochastic process
is an REE of (1)-(3).
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Consistent with the RPE studied in section 3.2, we assume that agents set endogenous and
exogenous variable forecasts at all horizons equal to the unconditional means of each variable
(i.e. Eyzp = E(zp) for all T >t and z = 7, 2,1, ¢). We have:

E(r) = E (AIt + E, Z(fﬁ)Tﬁt (€L T2 + (1 — 5)57TT+1)>

— B@) = 8w

and

mo= A+ (E8) T (EBAE(x) + (1 — §)BE(m))

T>t
= Az; + SE(m)
== 1z, = M\ Ym — BE(T))
Substituting for z; and also for expectations in (43) gives an expression for RPE inflation:
v = A (m = BE(m))

= —oritea+ Y B ((1—B)E(z) + oE(r) — oBE(r) + BE(er))
T>t
Ao BAo AB
E(r) — E —F
TE(R) - S-S E() + 2B
Let Z = (21,22)" denote the vector of state-contingent RPE values of z for any variable,
z. Note that F(z) = gza + (1 — ¢)z1. Then the infinite horizon RPE solution for inflation

satisfies:

— M = —/\UTt+)\€t+(1+

= <1+1A_"5) f(fr—)\a(I—ﬂ[?)_ler)\(I—ﬁf()_lé

where [ is the identity matrix and
kzc—q@
1—-q q
Premultiplying both sides of the last equation by (I — BK ) and rearranging yields

(I (14 )\a)f() = —AoT + N (46)

From the proof of Proposition 1 and 2, it can be seen that any solution of (46) is also a RPE
of (1)-(3). Hence, the infinite horizon model (43)-(45) admits the same RPE as (1)-(3), and
therefore an incoherent model can admit RPE under infinite horizon learning under some

conditions. The result is summarized in the following proposition.

Proposition 10 Consider (43)-(45) and suppose ea > 0. Then:

i. An infinite-horizon RPE exists if and only if € > €grpg.

1. EREE > €RPE Zf and only pr+ qg—1>0.
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